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Abstract

The problem of resonance pressure broadening of spectral lines in monatormic
gases is discussed using a resolvent operator formalism. A differential equation
is developed to determine the resolvent, and it is shown how its solution for a
limiting case yields the familiar classical path approximation for the transla-
tional motion of the atoms, and how quantum corrections may be systematically
studied. Commonly used limiting cases within the classical path approximation
(two-body static and impact approximations) are also exhibited as limiting
cases, with methods for systematic evaluation of corrections. Closed form
solutions are obtained for the two-body static and impact cases. The results
are compared with available experimental data, and generally satisfactory
agreement is obtained. Of some theoretical interest is the formalism, which
embraces all the usual approximations and permits them to be studied together
with corrections to them from a unified point of view. New results of more
practical interest are the closed form solutions for the limiting cases, and the
estimation of the lowest-order quantum corrections, which are appreciable
under some experimental conditions.

1. Introduction

In recent years, there has been a revival of interest in the theory
of the pressure broadening of spectral lines in gases. This problem
is of some interest in itself and also provides an instructive illustration
of various general techniques. Thus, Fano (1963) has considered
pressure broadening as a prototype of relaxation, using a Liouville
operator formalism, and this technique has been further applied by
Ben-Reuven (1966a, b). Ross (1966) has considered the problem from
the viewpoint of general many-body theory.

In all cases, the problem is to calculate the shape of the spectral line
in terms of the properties of the isolated atoms or molecules, and of
the pressure and temperature of the gas. From a formal point of view,
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most of the above-mentioned work is very general; but when actual
numerical results are calculated, approximations must of course be
made. In nearly all work which leads to numerical answers, the follow-
ing approximations are made: First, one makes the ‘classical path’
approximation, i.e., one considers the translational motion of the
atoms (or molecules) to be describable by classical mechanies. Second,
the ‘two-body’ approximation is made. This means that interactions
or collisions between different pairs of atoms are treated as in-
dependent of one another and (in some sense) additive in their effect
on the line shape. As Fano (1963) has made clear, this can be thought
of as expanding the line width in a power series in the density and
keeping only the linear term. In this approximation, obviously, the
width varies linearly with density. Beyond these approximations,
there are two opposite limiting cases for which results can be obtained:
if the atoms are moving very slowly, one can make the ‘static’ approxi-
mation, in which their positions are treated as fixed. In the opposite
limit, where the velocities are very high, the ‘impact’ approximation
of Baranger (1958a, b) may be used, in which the width can be shown
to be expressible in terms of collision cross-sections.

In the present work, we concern ourselves with a particular case of
considerable interest: the ‘resonant’ or ‘self’ broadening of the
spectrum of a monatomic gas due to dipole-dipole interactions. This
differs from the broadening by foreign gases more commonly treated
in that the interaction can transfer the excitation from one atom to
another. This means that no clear distinction can be made between
perturbed atom and perturber; and that the interaction cannot be
represented simply as an effective potential energy seen by the
absorbing (or emitting) atom in its two states, as assumed in much
of the theoretical work. The special properties of the resonant case
have recently been emphasized by Bezzerides (1967). Rarlier, a result
which might be called the ‘n-body theorem’ had been proved (Reck
et al., 1965): For the resonant case, in the static limit, it is never
permissable to use the two-body approximation except on the far
wings of the line. Near the center (i.e., within a line width), interactions
involving arbitrarily many atoms must be taken into account.

Despite these apparent difficulties, approximate calculations based
on the two-body impact limit by Ali & Griem (1965, 6), Omont
(1965, 6, 7), and Watanabe (1965a, b) led to good agreement with the
experimental results of Kuhn & Vaughan (1964), and Vaughan (1965)
on the emission spectra of helium. These experiments showed a linear
dependence of the width on the density, in agreement with the two-
body approximation, and the coefficient agreed rather well with
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theory. On the other hand, the results of Lauristion & Welch (1951)
on the alkali metals seem to require many-body effects to explain
them (Reck, ef al., 1965).

From the experimental results, therefore, it would appear that the
n-body theorem, which has been proved rigorously for the static
limit, may not hold in the opposite (impact) limit. This is by no means
obvious, however, as may be seen by comparing the situation in the
resonant case with that of the nonresonant. In the case of non-
resonant broadening by a foreign gas, let an excited atom 4 experience
a collision with a perturber B. After the collision, the excitation will
still be on 4, since energy conservation forbids its transfer to B.
Hence, except for a phase factor which disappears in the subsequent
averaging, the initial internal state of the system is the same prior to
a subsequent collision with another perturber C as it would have been
if the A—B collision had never taken place. This is what permits one,
in the nonresonant case, to treat successive collisions as independent.
In the resonant case, however, B is an atom identical with 4, and
hence may very well have the excitation transferred to it in the
collision. It follows that the initial state for a subsequent A-C collision
will depend very much on what happened in the A-B collision, so it
is not clear that they can be treated as independent. Ali & Griem
(1965) attempt to avoid this difficulty by initially having the excita-
tion shared symmetrically between 4 and B, and showing that after
the collision it is still shared between them in the same way. This does
not really avoid the problem, however. In order to treat a subsequent
A-C collision in the same way, the excitation would have to be shared
symmetrically between 4 and C, not 4 and B. Thus, it remains true
that initial conditions for each collision depend critically on the
previous ones. Nevertheless, we shall see that the conclusion is
correct: In the impact limit, where velocities are large, it is permissible
to use the two-body approximation.

The purpose of the present work is two-fold: First, and of most
interest from a fundamental point of view, we wish to formulate the
theory in a way which permits a systematic study of the approach
to the classical path limit and the other limiting cases. For this pur-
pose, a resolvent operator formalism is employed. It will be seen how
the usual approximations appear as limiting cases, and it will be
possible to study systematically their limits of validity and the
corrections to them. It is hoped that the techniques employed here
will be useful for other line-shape problems, and indeed for any
problems involving the behavior of quantum mechanical systems in
the vicinity of the classical limit.
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Secondly, it is a peculiar property of the dipole-dipole, #~2 inter-
action that the two-body impact and static limits yield essentially
the same formula for the line shape. In both cases, one finds a Lorentz-
ian shape with half-width given by a.4#"2u2, where 4" is the density
in atoms per cubic centimeter, 5% is the dipole matrix element,
and ¢ is a dimensionless constant. Thus, the qualitative behavior
of the line width is the same in both cases, and one can distinguish
between them experimentally only if one has exact values for the
coefficient a in the two cases. The question also arises of whether the
two coefficients are equal. We have succeeded in obtaining closed-
form solutions for both limiting cases. The coefficients are found not
to be equal. Approximate evaluations of the coefficient for the impact
case have been attempted before, both by simple perturbation theory
(Ali & Griem, 1965, 6), and by rather elaborate machine calculations
(Omont, 1965, 6, 7; Watanabe, 1965a, b). The exact answer turns out
to belower than the results of these calculations by somewhat less than
109%,. The static case, as far as we are aware, has not been done in
closed form before, although it is by far the easier of the two. Having
done these calculations, we are able to compare the results with
experiment, and find generally good agreement, with different
approximations being applicable to different experimental situa-
tions.

Many of the results of this article are not new, though the unifying
formalism enables one to see them from a new point of view. New
results of practical interest are the closed form solutions and the study
of the lowest order quantum corrections, especially for the impact
limit.

The contents of the various sections may be summarized as
follows:

Section 2 explains the notation and Hamiltonian used, and exhibits
the basic formula for the complex refractive index in terms of the
resolvent operator.

In Section 3, a differential equation is derived to determine the
resolvent, and it is shown how to approach the classical limit and find
a formal solution for that limit.

Section 4 takes up the two-body static and impact approximations.

Sections 5 and 6 discuss the closed-form solutions for the static
and impact cases, respectively.

Sections 7 and 8 treat the corrections due to many-body effects
and quantum effects, respectively.

In Section 9, the results are compared with experiment.

There is a brief concluding discussion in Section 10.
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2. Notation; Hamiltonian; Basic Formula for Refractive Index

Apart from minor changes, the notation to be used is the same as
that of Reck et al. (1965). Here, we recapitulate it briefly.

The system under consideration is an ideal, monatomic gas of N
identical atoms, confined in a volume V. We are interested in the
limit, N, V — «, with the density 4" = N/V remaining constant.
For the sake of definiteness, each atom is assumed to have a 1§
ground state and a triply degenerate P excited level, the energy
difference between the two being %iv,. For the study of pure resonant
effects, no other states need to be considered. Effects of quantum
statistics are neglected.

The ‘initial’ state |0) is a state of the gas in which all atoms are in
their ground states, and each atom A has momentum p, = Zq .
The momenta are distributed according to a Boltzmann distribution
at some temperature 7. The zero of energy is chosen to be that of the
state |0).

States in which one or more atoms have become excited, and/or
have acquired a momentum different from what they have in the
state |0), are denoted by listing the excited atoms and/or their excess
momenta in the ket symbol. Thus, |4;,%(4)) denotes a state in which
atom A4 has become excited, with polarization in the i-direction, and
has a momentum %(q4 + %), with all other atoms being as they are
in |0). The polarization direction is the direction of the dipole moment
matrix element linking the excited state with the ground state: If
we denote the dipole moment operator for atom 4 by A'2p.,, then

<Ai|,MAjIO> = 0y
the letter 1 by itself denotes the value of the matrix element.
It was shown by Reck ef al. (1965) that the transverse frequency-

and wave number-dependent susceptibility F(v,x) (defined as 4+
times the ordinary susceptibility) is given by

dp®
Fly,%) = =2 > ey w(A) [ RO)| A v(d)y e, (21)
4
where € is a unit polarization vector perpendicular to %, and R is the
resolvent operator expressed in frequency units:
R(y) = (v— #[h)~"

The frequency v is assumed to have a small positive imaginary part.
The summation convention for repeated indices is used in (2.1) and
throughout this paper. Equation (2.1) holds if |y — vo| < . is easily
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derived if the radiation field is treated semiclassically. The derivation
with a quantized field is given in Reck et al. (1965).

Since we have a Boltzmann distribution of momenta in the state
|03, the sum in (2.1) can be replaced by an average:

Flo, %) = 4 (B [ exp (~B®) Xy n(d) B Ay n(d)) X
x e, d%q 4 (2.2)

where B = k?/2mkT. Equation (2.2) is the same as equation (3.3) of
Reck et al. (1965), except that a misprint has been corrected (A/V
instead of A" appeared by mistake in the earlier article), and frequency
rather than energy units are used both for R and p2.
Because of the randomness of directions, ¥ is clearly independent
of the direction of x:
Fv,n)=F(v,«) (2.3)

The observed complex refractive index n(v) is found by solving
n2(v) — 1 = Fv,n(v)v/c] (2.4)

which normally requires analytic continuation to complex «, i.e.,
leads to absorption.

In practice, for the problems in which we are interested, F is usually
only a slowly varying function of « in the region « = v/c = vofc. In
this case, we can define

FW) = F(v,vje) = F(v,vofe) (2.5)
and then we have to good approximation
niw) — 1 =F() (2.9)

The Hamiltonian with respect to which the resolvent is taken is the
total Hamiltonian of the system, including the quantized radiation
field. It is a good approximation, however, to use just the Hamiltonian
for the matter alone, and this will be done here. Accordingly, our
Hamiltonian is

_ NP4 : N FZg,2
Jf—; S Wi+ Y — B B0 2m (2.7)

Here # ', is the internal Hamiltonian with eigenvalues nhv, (n =
number of atoms excited). The last term is a constant added to insure
that 2#|0)=0. ¥~ represents the interatomic dipole-dipole inter-
action:

2 1 TAB TAB)
Y = pu? A> -8, — 322 22V (B 2.8
# A§B ] ]>T§13( a %5 < kl (2:8)
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where r,p is the vector separation between atoms 4 and B. In
equation (2.8), |4;>{B;| operates on the internal state only (trans-
ferring excitation from B to 4), and the rest of the operator involves
the translational degrees of freedom. Referring to (2.1), we see that,
since the number of excited atoms is conserved under the Hamiltonian
(2.7), we need only consider states in which one atom is excited.

We now proceed to the problem of evaluating the necessary
resolvent matrix elements.

3. Differential Equation for Resolvent; Solution in Classical Path
Approximation

Writing out explicitly the integration over the translational degrees
of freedom in the matrix element for R, we can write

Byl )| RO Co () = 75 [+ [ <BARONCH 7 (3.1)

where
. k 2 pl)z - ;
R(v) = exp (—l") w+%zvp“+ m—V exp(eI') (3.2)
D D

with
1
F:K'rA+?ZZ:pD'rD (3.3)
w=v—1vy

(We recall that all the states that concern us are eigenfunctions of
Hiny With eigenvalue hiv,.) Z(v) is a matrix in the internal states which
is a function of the positions of the atoms. Evidently, from the defini-
tion of %,

7 2 . .
(0 2 vt > b ¥ ) lexp (1) #0)] = exp () (3.4

We now combine (3.3) and (3.4), carry out the indicated differentia-
tions in (3.4), and cancel a factor exp (¢1"). The result is

i

B, ; i .
((JJ—K.VA-{—%K —{—Z%}VD.VD"{—%K.VA—{—%ZVD -V‘)g@zl
(3.5)

where v, = pp/m is the velocity of atom D.
Equation (3.5) is the fundamental differential equation which we
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shall use to approximately determine #%, and through it the desired
matrix elements of R.

The notation up to this point has been arranged in such a way as
to facilitate the passage to the classical limit for the translational
degrees of freedom in a way which is meaningful for our problem.
Ultimately, we want to calculate the refractive index at a given
frequency (not given photon energy) for a gas with a given momentum
(not wave number) distribution. Therefore, as we let % approach zero,
we want w, x, and all the p; to remain constant. Also, to get the right
answer for the effect of interatomic interaction on the line shape, we
want this interaction, expressed in frequency units, i.e., ¥”, to remain
constant as % approaches zero. If we held constant the interaction in
energy units, then the line shape as a function of frequency would
become infinitely broad, and our result would not correspond to the
true physical situation. The reader will observe that with our notation
all these requirements are satisfied if we simply let & approach zero
formally in equation (3.5). There is no need to think about these
matters any more, the notation will do that for us.

We now develop an expansion of (3.5) near the classical limit.
First, for convenience, define

)\=w——x.VA (36)

Now expand Z as
R=Ro+ IR+ - (3.7)

Combining (3.5), (3.6), and (3.7), we find

()\_F?;EVD'VD_%‘)%O:]' (38)
D

. LA 1 9
()\-[—7/ % VD.VD'—V)%]_:_(,,—”—!—;ZK.VA +§;}€; VD )%0 (3.9)

ete.

Equation (3.8) corresponds to the ‘classical path approximation,’
while (3.9) determines the lowest-order correction to it. For the
present (until Section 8), we confine our attention to (3.8).

The solution of (3.8) is facilitated if we introduce new coordinates
in the 3N-dimensional configuration space. Let one of the new
coordinates be

-1
7—2(2 ’UD2) S vp.rp (3.10)
D D
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The definition of the other (3N — 1) coordinates is arbitrary, except
that they should be orthogonal to =, and to each other. Thus, let a
typical one be

1=30yp.Tp (3.11)

such that
% anD.VD =0

%CL,}D.an'D=O, 7}?&7], (312)

In this coordinate system, (3.8) becomes
[A‘I“iaﬂ*V(T,’T})]e@O(T,?’)) =1 (3.13)
T

The solution of (3.13) may be expressed in terms of the quantity
U,(r|7o), defined by the conditions

U (7o|70) =1 (3.14)

. d
@g U’I](TlTO) = V(T,’f)) Un(TITO) (315)

U, is seen to be simply the time-displacement operator under the
interaction AY" when the system moves from the configuration
(n,70) to (n,7). It is given formally by

U,,’(’TITO) =7 exp [——i f v (', n) dT'] (3.16)

To

where 7 denotes time ordering. Clearly,
U,,I(TITO) = U.,](T|7-1) U, (71]7o) (3.17)
for any 7y, and U, is unitary if 7" is Hermitian (which it is):
U,?+(T|TO) = U;l('rl'ro) = UW(TO!T) (3.18)
We now seek a solution of (3.13) of the form
Ro(r,m) = Uy(7|70) p(r, m) €xp (i) (3.19)
Substituting (3.19) into (3.13), one finds

iUn(T]TO) [E%p(ﬂn)] exp (iAr) =1 (3.20)
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a solution of which may be found using (3.18):

1 ¢ .
plr,m) = : f Un(TOIT’) exp (—iAr’) dr’ (3.21)
Now, using (3.17), (3.19) ar:d (3.21), we find
1 T
%0(’7’, 7]) = ; f U,,)(TIT’) eXp [?:)\(T — 7-’)] dT’ (3.22)
=;f U,](TIT—t) exp (1A8) dit (3.23)
0

where £ = r — 7’. Note that U, Z%, p are all matrices, so the correct
order of factors is important in equations (3.18-3.23).
In the original coordinate system, (3.23) becomes

Ro(r) = ;l f U(r|r — vt) exp (iAt) di (3.24)
d

The U operator in (3.24) is just the time-displacement operator for
the internal states only for a process in which the system is translated
rigidly with constant velocity v (v, for each atom D) from an initial
configuration (r — v#) to a final configuration (r), while being acted
upon by the interaction %7”. In retrospect, the result is not surprising :
The resolvent is well known to be related by a Laplace transform to
the time-displacement operator, as in (3.24), and in the classical path
approximation the operators for the translational coordinates are
replaced by c-number functions of the time. Note that the formalism
requires that all the velocities be treated as constant. It would be
inconsistent in this approximation to try to correct for accelerations
experienced by the atoms because of the interaction.

We have neglected an arbitrary constant of integration in (3.21),
but it is easily seen that it is correct to set it equal to zero. In the
limit of weak interaction, or of very large A, #, should approach
A™1, which it does with this choice of integration constant.

According to (3.1), (3.7) and (3.24), the matrix element of R,
the classical path limit of R, is obtained by averaging a matrix element
of (3.24) over configuration space:

By w( )| RolCu () = 7 [+ [ <BlRalr| 00 8 (3.2

Equations (3.24) and (3.25) provide us with formal expressions for
the matrix elements which we need (and many others besides) in
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classical path approximation. In order to get actual answers, how-
ever, it is necessary to study further limiting cases within the classical
path approximation. This we proceed to do in the next section.

4. Limiting Cases and Approximalions
4.1. The Two-Body Approximation

Intuitively, this approximation means that interactions or collisions
between different pairs of particles are treated as independent.
More formally, it has been expressed (Fano, 1963; Reck ef al., 1965)
as keeping the linear term in an expansion of the linewidth in powers
of the density. Actually, these two statements of the approximation
are not quite equivalent in all cases (as we shall see presently), but
they are equivalent in the limiting cases which we shall be studying
in most detail. We use the former statement, and now proceed to
formulate it more precisely.

It is clear from equation (2.1) that the only matrix elements of B
that we need to consider are those which are diagonal with respect to
the excited atom (ie., (4;|R|4;> but not (4,;|R|B;)). Now consider
the development of the operator U in (3.25) as the gas goes from the
initial configuration (r — vt) to the final one (x). The matrix elements
that we need are those representing processes in which the excitation
is initially on atom A4, and is again on 4 at the end of the process.
If the gas is dilute enough, one may assume that no more than one
atom is very close to 4 at any given time, so that at each time the
development of U is dominated by the interaction of 4 with the atom
closest to it at the time. Thus, the U operator becomes a product of
partial U operators representing the interaction of 4 with all those
other atoms which pass close to it, ordered chronologically. Moreover,
if one excludes from consideration processes in which the excitation
is transferred from 4 to some other atom B and subsequently carried
back to 4 by a third atom, only that part of each partial U operator
which leaves the excitation on 4 need be kept. Furthermore, when
one averages over directions of motion of the colliding atoms (as must
be done eventually), each partial U operator (as well as the full one)
becomes a scalar as far as polarization direction is concerned; this
causes them all to commute, so the time ordering between the partial
U operators need not be kept track of.T As for the atoms which never

t Strictly speaking, there is still a preferred direction, namely that of v,.
Since it is the same (after averaging) for all the incident atoms, this does not
change the conclusion that the averaged partial U operators commute. We will

ignore this effect, since it plays no role in the limiting cases which are our prime
concern,
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pass close to 4, they contribute practically nothing anyway, so it
does no harm to include them in the same way as the others. These
ideas may be expressed mathematically by writing

4| U(e|x — vi)| 4> =8y H Up(rip, Vap,t) (4.1.1)

Up(rap,Vap t) = %(AlclUAn YD Vap:! IAk> (4¢.1.2)

with

t
U sp(Xap,Vap,t) =T exp {‘@' f Y apltap — Vap(t —7)] dT} (4.1.3)
0

¥ 4p represents the terms coupling 4 with D in (2.8). We note that
all the U, are real, since only the even terms in the expansion of the
exponential in (4.1.3) are diagonal. Now, combining (3.1), (3.24),
(3.25) and (4.1.1), we find

CAa ) Rol dy )y =8 [+ [ @ [ TT Unlean vanit)x

D#4
X exp (1M) dt = 6;; B, (4.1.4)

The integration over r, gives a factor V. We also note that if 7, is
large enough (i.e., for most of the volume), U is very nearly unity.
Therefore, define

f (1—Up)d®r,p=u(vp,b) (4.1.5)

Then, from (4.1.4), (4.1.5), we find

f [T

D#4

[ ”AD’ ]exp (M) di (4.1.6)

In the limit as N, V — o, (4.1.6) becomes
Ry=; f exp [N — A (F) d (4.1.7)
]
where
1
W) = — W(V4p; 1)
N-1 DZA

is the average of u over velocities. Equation (4.1.7) represents the
two-body approximation in its most general form (commensurate
with the classical path approximation).
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It will be helpful to study the properties of u briefly by dimensionless
analysis. Suppose we suppress the subscript (4D) in (4.1.3), choose
our z-axis in the direction of v, and substitute { = v=. We find

3

U(r,v,t) =T exp [—gf V(% y,2 — b+ C)dé} (4.1.8)
6

In equation (4.1.8), the interaction ¥~ is proportional to w2, and
appears divided by v. The only other parameters appearing are z,
¥, 2, and #¢, of which the first three disappear when we integrate to
find u. We conclude that « depends on v, £ as

w(v, t) = u(u?v, vi) (4.1.9)

Of the quantities appearing in (4.1.9), u?/v has the dimensions of an
area, vt is a length, and % must be a volume. It follows on dimensional
grounds that % can be written as

u(v, 1) = P2 tf (o 12) (4.1.10)

where f is some dimensionless function of a dimensionless variable.
Equation (4.1.10) will be useful to us in later sections.

We notice from (4.1.10) that 4(f) may, in general, be quite a com-
plicated function of ¢, causing R, to be a complicated function of A4~
when the integration in (4.1.7) is carried out. This is the basis for the
statement made at the outset of this section, that the two-body
approximation as formulated here is not always equivalent to
expanding in /" and keeping the linear term. Corrections to the
two-body approximation will be discussed in Section 7.

4.2. Static Approximation

If ot is sufficiently small, one may consider ¥~ to be constant all
along the path of integration in (3.16). In that case,

U(r|r — vt) = exp [—i¥"(r) £] (4.2.1)
Combining (3.24) and (4.2.1), we find
Ro(r) = [A— ¥ (x)]! (4.2.2)

The integration in (3.25) is now just an average, so
(Bj, k(A)| Bo|Cy, (A)) = (Bj{(A— 7)1 [Ty (4.2.3)
The validity criterion for (4.2.2) may be written symbolically as
v |V(Inv?")| <1 (4.2.4)
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In order to use (4.2.1) in (3.24) to get (4.2.2), it must be assumed
that (4.2.4) holds for all £ which contribute appreciably to the integral
in (3.24), i.e., for all £ <A1, Accordingly, the validity criterion for
(4.2.2), (4.2.3) is

WX V(In )| < 1 (4.2.5)

It is seen that the static approximation is always valid on the far
wings of the line, and always breaks down near the center.

4.3. Static Two-Body Approximation

The approximations of Sections 4.1 and 4.2 may be combined by
making the static approximation (4.2.1) in (4.1.2) and (4.1.3). The
result is

U, p=exp[—t¥ (ryp)t] (4.3.1)

Combining (4.1.2), (4.1.5) and (4.3.1), we find
w =f {1 — 1A |exp [—i¥ (x) £]|4;>} P (4.3.2)

In the language of equation (4.1.10), the assumption that of is
small means that the argument of f in (4.1.10) goes to infinity. Thus,
if we make the definition (anticipating the existence of the limit, to

be verified in the next section):
2

lim f(x) = —k (4.3.3)

T—> 0

2
then we find from (4.1.7), (4.1.10) and (4.3.3) that
77,2 —1

In this approximation, therefore, the pressure-broadened line is
Lorentzian, becoming a Voigt profile (convolution of Lorentzian with
Gaussian) when the average of equation (2.2) is performed with the
aid of (3.6). The parameter &, (s = static) has been defined so as to
coincide with the broadening parameter k used by Kuhn & Vaughan
(1964), and Vaughan (1966).

The validity criteria for this approximation will be discussed
jointly with those of its opposite, the two-body impact approxima-
tion, at the end of Section 4.4.

4.4. Two-Body Impact Approximation

Here we consider the opposite limit to (4.3.3), in which the argument
of f in (4.1.10) goes to zero; in other words, v is considered to be very
large.
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Now, if 7 is some measure of the distance over which U changes
appreciably as a function of z in (4.1.8), we see that U assumes the
following limiting forms:

U, v,t) =1,z —vt) >1
=1,z2<€-1
=L(x,y,v),2> 1, (z—vt) <1 (4.4.1)

Here % is the scattering matrix, defined by

SL(x,y,v) =T exp [—Q—Z) f (x,y,2) dz} (4.4.2)

If vt > I, then we will be in error only for a negligibly small fraction
of the total volume if we replace the > and < in (4¢.4.1) by > and <.
If we do this, (4.4.1) gives us U for the entire volume, and u can easily
be evaluated in terms of .#. If we define

F=1+4
then we find from (4.1.5) and (4.4.1):

w(v, t) = —ut f WA\ A4, dedy (4.4.3)

But it is easily shown (Ali & Griem, 1965) from the unitarity of &
that the integral in (4.4.3) is just —lo, where o is the average total
cross-section. It follows that, in this approximation,

(v, ) = vtg (4.4.4)

In the language of (4.1.10), we can define
£(0) = 3n2k; (4.4.5)
Now, from (4.1.7), (4.1.10), (4.4.4) and (4.4.5), we find
o =nthkpudv (4.4.6)
and

-1
Ry = ()\ + M/gv) (4.4.7)

The form of (4.4.6) could, of course, have been derived on purely
dimensional grounds.
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We notice that (4.4.7) combined with (4.4.6) is the same as (4.3.4),
except that k; appears instead of k.1

As for validity criteria, we see from (4.1.10) and (4.3.3) that the
static approximation (given the two-body approximation) holds for

Uif
2
(ﬁ) >1
or, referring to (4.4.6), if

(7;%)—2 >1, <o (4.4.8)

Conversely, the impact result holds if

> /o (4.4.9)

50 we see that 4/ plays the role of [ in (4.4.1), which is not surprising.
To get the criterion in terms of frequency, we substitute { ~ X% in
(4.4.9), and find

1> /o (4.4.10)

If (4.4.10) is to hold for A of the order of the linewidth, we must have,

according to (4.4.7),
N ov L v[+/o (4.4.11)

which is just the familiar requirement (Baranger, 1958) that the rate
of collisions must be much less than the reciprocal lifetime of a
collision. When this holds, the impact approximation may be used
for the most important part of the line, namely from the center out
to several times the width. It is never correct to use it for the entire
line.

5. Closed Form Solution : Static Two-Body Approximation

The solution for this case can be found by the methods of Reck
et al. (1965), but we use another method, based on the work of the
previous section.

According to (4.3.1), and omitting the subscript (4.D) for simplicity,
we must evaluate

exp [—17 (r)¢]

where ¥ (r) is given by the terms in (2.8) involving a particular pair,
say A and B.

+ The fact that v drops out of the limiting expressions for « justifies our neglect
of the v-dependence of the partial U operators mentioned in the footnote to
page 327.
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Now it is convenient to define

#0) = b (55— 37 (14 A + 1B <B)

Y = |4y (Bi| + | B (44 (5.1)
in terms of which it is easily seen that
V{(t) =W (x)¥

In this representation of 77, the excitation transfer is contained in %,
while the dependence on r, and on polarization, is represented by
# (r). We now have

exp [~ (r)t] = cos W (x){ — i¥ sin W (x) ¢ (5.2)

To evaluate the trace appearing in (4.3.2), we choose the z-axis in the
direction of r. In this coordinate system,

2
{A,lexp (—iVt)|4,) = eosz—fg—t

2
(Aylexp (—i7 )| 4,y = (A, |exp (—i¥ )| 4, = cos%t

so equation (4.3.2) becomes
2

1 22
Y = 1—-2 cosizt+2cos&2t dir
3 7 r

Cl 1/ o 2
:47rf {1—~(oos ‘l;t—}—Qcos—’%t)}rzdr
3 r r
0

=872 u%¢ (5.3)

The integration is conveniently done by making the change of
variables y = p?/rs.

Comparing equations (4.1.10), (4.3.3), (4.3.4) and (5.3), we see that

ky=16/9 (5.4)

This completes the solution for the static two-body case. The result
is a Lorentzian line (Voigt profile after velocity averaging) described
by (4.3.4) with the parameter k, given by (5.4).

6. Closed Form Solution: Two-Body Impact Approximation
6.1. Preliminaries: Classical Path Versus Partial-Wave Method

In the impact approximation, the calculation of the line shape

reduces to that of finding the average total scattering cross-section.
22
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Because of the classical path approximation, only the classical limit
of this cross-section need be considered. Up to now, the theory has
been developed in terms of the scattering matrix given by (4.4.2).
However, a closed form solution is most easily obtained using a
partial-wave expansion with passage to the classical limit. For
purposes of orientation, we present in this section some considera-
tions on the relation between the two methods. Most of this material
is not new (Landau & Lifshitz, 1965) ; nevertheless, it seems advisable
toreview it from the point of view of our particular problem, especially
since the partial wave method seems to be little used in line shape
theory up to now.

Consider the two-body scattering problem (with internal degrees
of freedom permitted), in the center-of-mass system, with the incident
particle having momentum p directed along the z-axis, and the
interaction being represented by %#7". The equation satisfied by the
wave function (in general a vector in the space of the internal co-
ordinates) is

k 2
(—%VZJF"//)(p:;’WZI/J (6.1.1)

where m is now the reduced mass. If we substitute
i = x exp (ipz/h)
we find
(—iva%—l— V—%VZ)Xz 0
or to lowest order in %
ivaézx =7y

Now if we write
X(x> Y,2) = ny(zlzo) X(%, Y, 2q)

then we find

U,y(2|20) = T exp [—q—i f (2, y,2) dz'] (6.1.2)

The scattering is given by letting the arguments of U go to plus and

minus infinity, i.e., by
ywy = ny(oo[—oo)
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which is evidently the same as (4.4.2). It is evident that the cross-
section is given by

o= ; ” |x3(, 4, ) — (%, y, —0)|?dS

where the integral goes over some surface at infinity. This is usually
taken to be a sphere, but (since there is no backward scattering in
this limit) may equally well be a plane at positive infinity. (Recall
that the interaction in energy units is infinitesimally small, so that
all scattering is through very small angles; thus, there is really no
difference between sphere and plane.) The sum is over internal states.
Now if the initial internal state is denoted by o, then

Xj(—) = 8o,
and we have
o =3 [[|F)o— 8|2 dwdy (6.1.3)
M
Because
2,-:' lyJ‘OIZ =1

(unitarity), we have
2Re(1 — yoo) = Z l‘gij—— 8j0|2
3

from which follows the relation between cross-section and diagonal
element of / used previously to get equation (4.4.4).

To see the connection with the partial-wave method, consider the
special case where there are no internal degrees of freedom, and we
have spherical symmetry: ¥" =F(r). Then & is a function only of
the impact parameter b = (x* + y%)1/2, and can be expressed as

F(b) = exp {—;} f Fl/(b> + 2%)] dz}

2¢ ] rF(r) dr
= exp Y m (6.1.4)
b

The factor of 2 appears in the second expression because the path is
traversed twice in r, once coming in and once going out.

If we were doing the same problem by partial waves, we would
expand

~—

§ = 5 Pyfcos 6) ")

l r
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and arrive at the equation

B, Al(l41) p*
T + 2 ® xi+Fr)xi= = omh Xt (6.1.5)

In order to approach the classical limit by means of the W K B approxi-
mation, we first set Al = L (the classical angular momentum, which is
to be held constant), and make the substitution

xi{r) = exp [1A(r) /7]
Equation (6.1.5) would then take the form

2
()2 h,\"+L +k12;+2m7iF p* (6.1.6)

The next step is to expand A in powers of &:
A=Xdo+FA 4=+

In zero order, one has
() = L

— f py/[1 —b%(r)E]dr' +C (6.1.7)
b

in which the integration constant C is determined by the boundary
conditions at the turning point b = p/L, which is, of course, the same
as the clagsical impact parameter for momentum p and angular
momentum L.

Taking the terms of first order in % in (6.1.6), we find

2x' Ay — A" + Ljr? + 2mF =0 (6.1.8)
From (6.1.7) and (6.1.8), we obtain
T2
— 12 [2[p2N—1/2 __@L_’_é__
A = 3(p?— L¥r?) {TZV(p2—L2/r2) —2mF| (6.1.9)
The phase skift is the difference between the phase at infinity and

what it would be if there were no interaction. Mathematically speak-
ing, to this approximation,

3= Rehu (=)~ [F:O]
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Effects due to changes in the boundary conditions at b are easily seen
to be of a higher order of magnitude, so (6.1.10) gives us the phase
shift to lowest order in 7.
With the aid of the correspondence L = /il = bp = bhik, we see from
(6.1.4) and (6.1.10) that
F(b) = exp (2i5;))

with the cross-section being given by

o= 2m [ blexp (2i) —1|2db
0

4 @©
Z%f 2lsin?5,dl (6.1.11)
0

This differs from the usual expression

a——'%;z (21 + 1) sin2§,
A

only in that the sum is replaced by an integral, and 1 is neglected
compared with I.

In partial-wave language, then, the classical path approximation
corresponds to taking the lowest order WK B approximation for the
phase shift, and replacing the usual sum by an integral. The relation
between impact parameter and angular momentum is just the
classical one, il = L = bp, and the scattering matrix is related to the
phase shift by

F(b) = exp (25)) (6.1.12)

Equation (6.1.12) expresses the fact, familiar in partial-wave theory,
that the ratio of the outgoing amplitude for a given angular momen-
tum to what it would be in the absence of interaction is just exp (2¢85)).

The problem which we have to solve is complicated by the presence
of internal degrees of freedom, but the same general principles apply.
We now proceed to set up this problem and solve it.

6.2. Setting Up the Problem

We have two kinds of internal degrees of freedom to deal with:
the one which tells us which atom is excited, and the one designating
polarization. The former is removed quite easily by taking symmetric
and antisymmetric linear combinations. If we define

2> = V(4> + |Bp) (6.2.1)



338 C. ALDEN MEAD

then
7']' 75

2
G| |y =:|:%{8jk— —,r?} (6.2.2)

and there are no matrix elements connecting (+) with (—) states.
They can therefore be treated separately. We consider only the
symmetric (+) combination for the present. The results for the (—)
are obviously the same, with u? being replaced by —u?.

Insofar as this is possible, we want to expand our wave function in
eigenfunctions of conserved quantities, which can then be treated
separately. We have already done this in (6.2.1), choosing eigen-
functions of &, defined in (5.1). Normally, in partial wave theory,
one expands in eigenfunctions of orbital angular momentum, but that
will not quite do here, since the interaction couples the orbital angular
momentum to the internal angular momentum 8, which behaves
formally like a spin of one (because we deal with a P state). The total
angular momentum J, however, is conserved, along with its com-
ponent in the z-direction (chosen parallel to the incident velocity).
Accordingly, it is better to choose our internal states as eigenfunctions
of 8, with eigenvalues mg=0, 1, than as states with a definite
direction of polarization. We then combine these with orbital states
to build eigenfunctions of JZ, J,, with eigenvalues, J(J 4 1) and m,.

In terms of the internal angular momentum S, the interaction
(6.2.2) takes the form

V=”2[3 (r.S)2_2] (6.2.3)

78 72

Our incident states are plane waves multiplied by internal states;
they therefore have m, =0, 1, since the z-component of orbital
angular momentum is zero. Since m; is conserved, therefore, we need
only consider states with m; =0, +1.

It is also useful to have some idea of the magnitudes of angular
momentum that we will be most interested in. We know from the

dimensional analysis that
o~ ullo (6.2.4)

while we have from the phase shift formula that

47
o= 2> (20 + 1) sin2§,
P
2 2
~ :;Z - | 20sin?8,dl ~ :;;7; S 12 (6.2.5)
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where [ is some rough maximum  for which the phase shift is appreci-
able. From (6.2.4) and (6.2.5), we see that the values of [ which
contribute appreciably are those for which

I~ m"‘/” > 1 (6.2.6)
We see that the [ of interest are very large in the classical limit, and
that what remains constant is L = &l.

We must now express the eigenfunctions of total angular momen-
tum in terms of those for orbital and internal angular momentum.
This is easily done by standard angular momentum theory. We list
below the expressions for states with definite I, J, m; (denoted by
|1,J,m;>) in terms of direct products of orbital states with definite
1, m; (denoted by |/,m;>) and internal states with definite mg (|mg)).

Each expression is followed by its limit for large /. The results are as
follows:

b= st o« fiieea] o
V[é’(ﬁ%?ﬁf] I, 2)|-1> ~—1z 0y[1>

1
+Z5 L1DI0) + 511,21

|z,z+1,o>=/[ﬁ]1z,—1>|1>+A/[2l+1]11 03]0)
+ s ]ll -1

3 =D+ 5 [ 010> 4 1 -1

0w—1
L1+ 1,10 ZA/[W)] [L=2[5

[ W+2)

i arn] poow

JR/[ é;f ]u 03|15

1 1 1
25l + 75 IL=1I0) + 3 1.0)]-1>
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11> = =5 1L 0D + = 11310
R oo
A= MO+ 121

11,1,05 = % 11, 15]—15 — %‘Z 17,—15[15

ll’l’_D:—A/[(lzl(l)#] |1, —2>[1

1
Vi) |, ~1>]0) -+ VQ |7, 051>

1 1
Sy |1, —2)|15 + VG |7,05]-1>

~10= s tom - e ve
e e

1 1
TR N DR NN

10— [ b-oio - [ olo
JR/[ Z2l++1 ]ll RE
wé%—wu>—;@um»®+5ﬂA»—w
i1~ [ -
iy

|z ]” O

SN LDy +3 L0y (62.7)

1> - '\/2
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The interaction ¥~ evidently commutes with the total angular
momentum, and therefore will have matrix elements only between
states with the same values of J and m;. For each J, however, there
are three values of I ({=J,J +1,J — 1), which may be coupled to
one another. ¥ also commutes with parity, from which it follows
that even values of [ are never coupled to odd values. This means
that I =J 4 1 may be coupled to J — 1, but I =J is uncoupled to
anything else. The matrix elements are independent of m; because
of the scalar nature of the interaction. With the aid of (6.2.3) and
(6.2.7), and some more elementary angular momentum theory, it is
a straightforward matter to work out the matrix elements of 7 .
They are:

T I, m| V|, my = ubfr®

_ J+2 1u?
A+ LI, m|? I+ 1,J,my =~ (2J+1) —55
_ WV + D] 3y’
LIV =LIm) =3 52570 Mo
J—1 1

T =1, J,m T —1,J,my =— (2J+1) ~—§§§ (6.2.8)

In the partial-wave formalism, we decompose the wave function
into states with definite J, m; and solve these separately. The resulting
equations are independent of m;, which will therefore be suppressed
in what follows. For each J, my, there are three values of I, two of
which (I =J 4+ 1) are coupled to one another. We denote scattering
states for each J, I by a bar.

For [ =J, we can write

Ty =r~to(r)|J,J) (6.2.9)
We then find, using (6.2.8), (6.2.9), that ¢ obeys

o, BIJ+1)  pt o p?
"o ® T gy Pt 5P =5 2P

2m 2m
For I =J + 1, we must generalize somewhat to take the coupling
into account. We can write

W+ LTy =rYe@) + LI +qn)|J — 1,75} (6.2.11)

where we will seek a solution for which »(r) goes to zero at infinity.

The equation for [/ — 1,7 will be the same, except that £(r) is chosen
to approach zero. For the present, we anticipate the existence of such

solutions, which will be confirmed later on (subsection 6.4).

(6.2.10)
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Combining (6.2.8) with (6.2.11), we find

_Eg,,+k(J+1)(J+2) pi(J 42 ij3&3\/[J(J+1)]
2m 2ma? r3\2J + 1 3 2J+1
_r
= 2mit
“om” W’?—ﬁ(zul)“?’ra—zﬂl—f
_p
= omh !
(6.2.12)

Equations (6.2.10) and (6.2.12) are exact; we now proceed to solve
them for the phase shifts near the classical limit.

6.3. Expansion Near Classical Limit

1. 1=J:
Equation (6.2.10) is the same as (6.1.5), with F(r) = p?/r%. We can
evaluate the classical limit phase shift directly from (6.1.10):

2 dr 2 2,2
Spmry == f v r b —-Lh s

b

We note that, as expected, the only J that contribute appreciably
to the cross-section are those satisfying (6.2.6).

2. I=J41:

The treatment of the coupled equations (6.2.12) will be facilitated
if it is transformed somewhat. We make the following changes:

(a) The impact parameter b =7J[p is introduced (the difference
between J and J 4+ 1 is negligible here), and the new variable p = r/b
is substituted.

(b) Certain terms which are of higher order in % and cannot affect
the results are dropped. Thus, the limiting form of (6.2.8) is used,
and approximations such as (J+ 1)(J +2)zJ?+3J are made.
It is easily verified that the omitted terms come in at higher order
in % than we will need.

(c) We substitute

E=exp (% )\)

n = dexp (%A) (6.3.2)
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With all these changes, (6.2.12) and (6.3.2) become

le ., p? 3hp mﬁp 3m7?3p,

R U R R SECER)

W? ik, 2ih, . B, pP hp mi? 3wyl

gt A el e e e e
=p*)  (6.3.4)

Differentiations are now with respect to the new variable p. We will
seek a solution for which ¢ goes to zero as p goes to infinity.
We now make the expansion in powers of 7:

/\:Ao‘}‘khl-l—"'
b= o+ Ty -+
To zero order in #, (6.3.3) becomes
Ao’ 2 ,
: Z;)z) 122 p% o A =bpy/(1—1/p%) (6.3.5)

Equation (6.3.4) in zero order becomes

)2 P
o) gz) ho + P—z‘/'o =p*1o
which is automatically satisfied if (6.3.5) is satisfied.
The terms first order in 7 in (6.3.4) give the equation

2)\0’ )\1/ . AO” 3p m}L 3m/.L

B2 'Lﬁ'}‘b 5 B 5 i3 3t 530 75 5%0=0 (6.3.6)

As in Section 6.1, the phase shift is given by:

8 = Re [Ay(0) — Ay (o) [u2 = 0]
so we have, from (6.3.5) and (6.3.6),

2 1— 3Re¢l dp ,uz

Sl=J 1) = K 0) (1—3Q) (6.3.7)
) 262 2 —1 T b2
P PV (p vb

where

Q@=Re PT%@%) (6.3.8)
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To get an equation satisfied by o, we must consider the first-order
terms in (6.3.4). These give the equation

( ¢1 ZA0 }\1

?: ” 2,5 s 14
l/‘ —6—2)\0 l)l’O - 172)\0 SZ’O
p® P n>
+5§¢1—5;§¢o bs 3¢o+ b3 B — p2y (6.3.9)

The terms in (6.3.9) containing ¢, drop out because of (6.3.5). Terms
involving Ay, A; may be eliminated by substituting (6.3.5), (6.3.6).
When this is done, one finds the following nonlinear equation for ¢,:

Imu> 24
—6353%2— 20— p\/ 1)y’ + b33_0 (6.3.10)

Because of its nonlinear character, we will not be able to find the
solution to (6.3.10). We will, however, be able to discover enough
properties of the solution to enable us to evaluate @, which is all we
need.

6.4. Evaluation of @

In (6.3.10), let us make the change of variables y = (p? -- 1)'2,
and the substitution

Po=px
With these changes, (6.3.10) becomes

X2+F(2+iy)x+i1"(y2+1)X'—y2+1:0 (6.4.1)
where
_ 2pb®
o 3mu?
In terms of the new variables, (6.3.8) becomes
Re 6.4.2
Q- f e (64.2)

Since we want i, to vanish at infinity, it is necessary to examine
(6.4.1) for large values of y, to see whether this is possible. For large y,
therefore, we try a solution y =ay™, and take only the leading
contributions from each term in (6.4.1). We find

az y——Zn - : I"ay——-'n+1 m I"ay—n+1 —2 =0
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which has to be satisfied only to the lowest negative power of y
appearing in it. We see that this can be satisfied for n =3 or 1. (If
n =1, the two middle terms are the leading ones; if n =3, all the
terms except the first must be kept.) We must choose » = 3, since we
want ¢y = py to vanish at infinity. With this choice, requiring the
term in ¢~ 2 in (6.4.1) to vanish leads to the result

a=1/2I"
so the asymptotic behavior of y is given by

;
for the solution which is acceptable to us.
Equation (6.4.1) is of the Riccati type.T It may be transformed by
means of the substitution
X =il + (6.4.4)
By ingerting (6.4.4) into (6.4.1) and performing some simple manipula-
tions, we find

4 3?/ — 2 ’ 1 _
I+ y2+ i‘f + Fz(yz -I-_ngf_ 0 (6.4.5)
Insertion of (6.4.4) into (6.4.2) gives the result
Q=Rei1“f j%dy:~F[Imlnf]0°° (6.4.6)
i

Thus, we only need to find the change in phase of f between zero
and infinity.

Equation (6.4.5) has two linearly independent solutions. We must
choose the one which leads to the correct asymptotic behavior for y.
Substituting f ~ %" into (6.4.6), and taking the leading terms for
large y, we find » = 0, —2. According to (6.4.3) and (6.4.4), we should
have f’/f ~ y~? for large y, so clearly n = —2 is unacceptable. Choosing
n = 0, we can now calculate the next term. Write

f=1+ay—V+...

1 See, for example, Murphy, G. M. (1960). Ordinary Differential Equations
and their Solutions, pp. 15-20, D. Van Nostrand, Princeton, N.J.
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One then substitutes this into (6.4.5) and takes leading terms, with
the result

vy —2) eyt + ?léy_ﬁ =0

One solution is v = 2, with the last term dropping out in this case.
This is easily seen not to give the right asymptotic behavior. The
other solution is

v=4, a=—(8I""1

which is the acceptable one. For large y, therefore, we have

1
f=l—gmyt+ (6.4.7)

Substituting (6.4.7) into (6.4.4), one finds that (6.4.3) is indeed
satisfied asymptotically. f is, of course, determined only up to a
multiplicative constant, which drops out when y is evaluated by
(6.4.4). We have fixed this for convenience by requiring the constant
term in the asymptotic expansion to be unity.

Combining (6.4.7) with (6.4.6), we find

Q = I'[ImInf(0)] (6.4.8)

where f must now be the solution which satisfies (6.4.7) asymptotically.

We now notice that if f(y) is a solution of (6.4.5), so is f*(—y). Also,
if f(y), g(y) are any two solutions, one easily deduces the Wronskian
equation

, {213y
W= (?/2 +1 ) "
where W = gf’ — fg’. The solution is
W= X (6.4.9)

(y — )2 (y + o)
where K is a constant. Now, let f(y) be the solution satisfying (6.4.7),
9(y) =f*(~y). From (6.4.8), it is easily seen that for large y,
W = 0(y~%). According to (6.4.9), however, W must behave asympto-
tically as Ky 3. It follows that K =0, W = 0 everywhere.
W = 0 implies that f*(—y) is just a constant times f(y), and it is
clear from (6.4.7) that this constant must be unity. We conclude that

Iy =1y) (6.4.10)

(It is clear that the continuation to negative y is permissible, since
(6.4.5) has no singular points on the real axis.) Also, one sees from
(6.4.4) that the solution with f(0) = 0 leads to unacceptable behavior
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of ¥ at y = 0, and is therefore not of interest. This solution would lead
to infinite cross-sections.

Tt follows from (6.4.10) and the fact that f(0) - 0 that Im f is an
odd function of , hence Im f(0) =0, Re f(0) # 0. Therefore, ImIn f(0)
= nm, where n is some integer, positive or negative. Hence, from
(6.4.8),

Q= Inn (6.4.11)

Combining (6.4.11) with (6.3.7) and (6.4.1), we find

2
B(l=J +1) =5+

— na (6.4.12)

All the properties of the phase shift which are of interest (sin%§,
32:38) are independent of »n, so we can take n = 0. The calculation for
I =J — 1 1is exactly similar, and yields the same result.

The final result, therefore, is just the same as if we had completely
ignored the coupling between the different I-values. After the fact,
this result seems rather reasonable. This method has been shown to
be equivalent to the classical path method; in that method, the impact
parameter (or orbital angular momentum) is treated as a fixed c-
number, and one cannot even express the idea of a transition (real or
even virtual) in which the value of this c-number changes. The
coupling between different I-values, therefore, is a concept foreign
to the idea of the classical path approximation, so its effects should
be expected to disappear.

We now have all the phase shifts that we need. All that remains is
to put them together to get the scattering matrix and cross sections.

6.5. Results: Comparison with Other Theories

Equations (6.3.1) and (6.4.12) provide us with all the information
we need to calculate the scattering matrix. The phase shift forl =J — 1
is the same as (6.4.12), and the results for the antisymmetric linear
combinations are obtained by replacing u? with —u2

1 The solution with f(0) = 0 varies linearly with y for small y, so to satisfy
{6.4.10) it must obey f(y) ~ oty, y — 0, where o is real. With this solution,
(6.4.12) would. become

S = —m+PHw

2
2vb2
which has as a consequence sin?8 — 1, as b — . This would cause the expres-
sion for the cross-section to diverge.
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Using (6.1.12), (6.3.1), (6.4.12), we find
I I, mE)| LN, I, m(£)) =exp (F2iL)
U+ 1L,J,m&)| ST+ 1LJ,m@)y =< — 1,J,m(&)| L1 — 1,7, m()>
=exp (+i) (6.5.1)
where { = u%/vb®, b = kJ[p, and other matrix elements are zero.
Matrix elements involving initial states such as |/,0>|1) are obtained
by taking the appropriate linear combinations. For example, using
(6.5.1) and the limiting form of (6.2.7), which is adequate to the order
of approximation we are considering, we find
FLIL0Y[1H)) = LELI+ LD — vV @|LL 1)
=$exp (i)}, 1+ L, 1(+)) — /(3) exp (20|, 1, 1{(+))
+iexp @O)|L1—1,1(+)>
= 3lexp (il) + exp (—=260)1{|1, 0> |1(+)> + I, 2)|-1(+)>}
etc. States with the excitation localized on A or B are obtained
by taking linear combinations of symmetric and antisymmetric states.
When the matrix elements are calculated for these direct product
states, it is found that they never connect states of different /, and
also that they depend only on I (or b) and the initial and final values
of mg. Thus, the amplitude for a transition in which mg changes
from 1 to —1 is the same whether one treats m; as going from zero to
2 or from —2 to zero. This is necessary to obtain correspondence with
the classical path method, in which m; does not appear. We can
therefore suppress all indices except the ones telling which atom is
excited and the value of mg. The resulting matrix elements are:
{4,0|F|4,0) =(B,0||B,0) =cos {
{A,0|&|B,0y=<(B,0|F|4,0) =isin{
(4,1|F|4,1> =(B,1|F|B,1)=(4,-1|Z|4,-1)
=(B,—1|&|B,~1) = cos ({/2) cos (3{/2)
(A,1|$L]A4,-1) ={A4,-1|¥|4,1) ={B,1|¥|B,—-1)
— (B,~1|&|B, 1) =sin ({/2)sin (3¢/2)
(4,1|F|B,1y =<A4,-1|¥|B,—1)=(B,1|¥]4,1
=(B,—1|#|4,-1) = —isin ({/2) cos (3{/2)
(4,1|&|B,~1) =(A4,-1|&#|B,1) =(B,1|¥|4,-1)
= (B,-1|&|4,1) =icos ({/2)sin (3{/2) (6.5.2)
All others are zero.
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The & -matrix assumes a simpler form if we define the polarized
states

|4.> =1]4,0)
|4 =) (4,1) + |4,-1))
|4, =+/(1) (|4,1) — [4,-1)) (6.5.3)

It is seen that the x-polarization is invariant under reflections through
planes containing the z-axis, while 5 changes sign. Thus, the 2-direction
for a particular path may be thought of as pointing directly outward
along the interatomic radius at the point of closest approach, while
y is chosen in such a way as to form a right-handed coordinate system

TABLE 1. % -matrix elements as obtained by different methods

Element Present work Byron & Foley (1964)
{A4,|%\4,> cos { 1
(A4,<|B,> t8in g 0
(AL 4> cos cos 2L
{ANSL By isin 1 8in 2¢
<4,\Z\4,> cos 2{ cos 2{
(4,|<|B,> —isin 2 —i8in 2

Elements obtained by exchanging 4 and B are the same as those listed.
All others are zero. = u2/vb2.

with  and z. The results for this representation are given in Table 1.
For comparison, we also list the results that would be obtained using
the method of Byron & Foley (1964), which consists in neglecting the
time-ordering in equation (4.4.2). We note that the two methods give
the same result for the y-polarization ; this is because it is not coupled
to the other directions (r, always being zero), so the interaction
becomes simply a number, not a matrix, for this polarization, making
the order of factors irrelevant.

Cross-sections may be evaluated either by means of the phase shift
formula or by using the information in Table 1 and the formula

0

23
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[compare equation (6.1.3)]. The results are summarized in Table 2.
We also list the results that would follow from the method of Byron
& Foley (1964) and those which were obtained numerically by
Watanabe (1965a, b). The method of Byron and Foley is seen to give
the correct result for the average total cross section, but not for the
individual cross sections. Watanabe’s result for the average total

TABLE 2. Cross-sections calculated by different methods

Byron & Foley Watanabe
k Present work (1964) (1965a, b)

A4, 4, 1/2 0 T

A, > B, 1/2 0 0-137
A, A, 0 0 0-192
A4, B, 0 0 0-179
4,—~ 4, 1 1 T

4,-> B, 1 1 1000
A, > A4, 1/2 1 T

A, > B, 1/2 1 0-656
A, -> 4, 0 0 0-192
4,-> B, 0 0 0-178
Average Total 4/3 4/3 1-44F

+ Watanabe did not calculate cross-sections for scattering without change
in. internal state. The total average cross section is caleulated by assuming that
it is twice that for excitation transfer.

For each process, the cross section ¢ = km2u2/v. Cross-sections for initial
states with B excited are obtained by interchanging A and B. Others are zero
by all three methods.

cross section differs by somewhat less than 109,. From equation
(4.4.6) and Table 2, we conclude that

k= 4/3

It is perhaps advisable to discuss briefly the probable reasons for
the discrepancy between Watanabe’s results and ours. His method
consists in expanding the time-ordered exponential (4.4.2) in a power
series in 2, performing the integrations (up to the fiftieth order)
numerically on a computer, then squaring the resulting & -matrix
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elements and integrating them to obtain the cross sections. A difficulty
with this method is that the integral diverges badly at the origin (as
may be seen by expanding our &-matrix elements in powers of u?),
so a somewhat arbitrary cutoff procedure has to be used. The uncer-
tainty thus introduced is probably sufficient to account for most of
the discrepancies. It still seems rather strange at first glance that we
obtain exactly zero cross sections for processes in which the polariza-
tion changes from « to z or vice versa, while Watanabe obtains non-
zero results, comparable in magnitude to the cross-sections for other
processes. If one checks back through the calculation, one finds that
the vanishing of this cross-section is due to the result (6.4.11), which
embodies the fact that the phase of the function f, obeying equation
(6.4.5), changes by an integer times 7 when y goes from zero to infinity.
It is evident from (6.4.5), however, that the phase of f does change in
this process (e.g., it is not always zero), and that its detailed behavior
is likely to be quite complicated. It is not too surprising, therefore,
that a numerical calculation fails to give the result that the overall
phase change is exactly nr.

7. Many-Body Corrections

In the static limit, it has already been shown (Reck et al., 1965)
that the corrections for three-body processes are of order of magnitude
N u?[A relative to the two-body terms, with higher-order corrections
involving successively higher powers of A4 2/X. Hence, the criterion
for use of the two-body approximation in this limit is

A> AN p? (7.1)

The approximation is always good on the wings of the line, therefore,
but never for the center. Since, according to equation (2.2), the line
shape must be averaged over velocities, the many-body effects will
fail to be noticeable if

D> Vu? (7.2)

where D is the Doppler width. In the static limit, therefore, one may
always use the two-body approximation for the portion of the line
satisfying (7.1). If (7.2) is satisfied, it may be used for the entire line
without appreciable error.

We now consider many-body corrections in the impact limit, i.e.,
in the limit where the two-body U operator is given accurately by the
theory of Section 4.4. We will content ourselves with estimating the
order of magnitude of these processes, and will therefore ignore
polarization indices. Equations (4.1.1) and (4.1.2) may be thought of
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as representing a series of independent collisions, in each of which the
excitation remains on atom 4. In shorthand notation, they say that

CA|U4> = TT CA|U o4

The next higher-order effect is that due to processes in which the
excitation is transferred from A to another atom B, from there to C,
and back to 4 again. The correction for this effect may be written

8<AI U]A> = B 027&11 <AIUABIB> <Bl UBC’[O> <Ol UCA[A> X
IT  <A4|U4p|4> (7.3)

D#4;B.C
which must, of course, be averaged over configuration space. When
this average is carried out, the product over D in (7.3) just gives
exp (—1/2.4 out) in the impact limit as before. The rest of (7.3), when
averaged, contains the following factors:

N? (from summing over B and C);

V-2 (normalization for volume average);

ovt (twice, from integrating U 4 over rz and U ¢ over 7y and using
the impact limit for each U);

o/(vt)% (solid angle factor from U 4. May be thought of as probability
that C, having collided with B, will be ‘aimed right’ to collide with 4
after travelling a distance ~#t.).

Putting all this together, we find

8CA|U[AY ~ #?e*(A|U|A) (7.4)
This correction will be small compared with the two-body term if
N2 &1

But this is immediately seen to be the same as (4.4.11). Thus, the
criterion for use of the impact limit for the main part of the line within
the two-body approximation is the same as that for neglect of many-
body processes in this limit.

To sum up, then, if the classical path approximation is assumed to
be valid, one may use the static two-body approximation if the
conditions

A> N u?

A> v/4/c ~ /(@)1 (7.5)
are satisfied. The criteria for use of the two-body impact approxima-
tion are

AL/ (0)/p

N pP <L A/ (v)[p (1.6)
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where v, of course, is always understood to be some appropriate
average velocity.

8. Quantum Corrections

To obtain the lowest-order quantum corrections to the classical
path approximation, one must solve equation (3.9). We notice that
the first two terms on the right-hand side of (3.9) are trivial and
uninteresting: the first is a constant which could be absorbed into A,
while the second is simply a correction to v, and could be included
in the second term of (3.8). Only the last term is really important, so
we can find the true quantum correction by solving

. 1
()\‘[‘@ZVD.VD—“V)e%l:—%;VDz%O (8.1)

D

This is easily solved formally by the methods of Section 3, equations
(3.23) and (3.24). The result is

Rq(n, 1) = fo (r|lr— 1) EVDZU (r—tjr—t—1¢)

X eXp [M(t + )]dtdt’ (8.2)

Since this must eventually be averaged over configuration space, it
is clear the final result will not be affected if the origin is shifted by ¢.
If we do this, and go back to the r representation, we find for the
correction to the resolvent

1
1=— 2mVNfd3N7ff U(r 4 vt|r) ZVDZUr|r~vt
x exp [IA(t + £)] dtdt (8.3)

If we can make the two-body approximation, then each U is a
product of independent U 5 operators for the matrix element in
which we are interested. In this case, each V;? operates only on the
factor U , 5, and (8.3) can be rewritten

1 o0 el
Bi= " 2mv¥ fdgNT f f DEA {Uap(rap + Vapt|rap) Vp? x
b

X Uap(tap|tap—vVapt)} CQD U c(tac+ Va0t a0

— Vot yexp A+ )] didt (8.4)
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In (8.4) it is understood that matrix elements {A4|U|4), etec., are to
be taken, i.e., (8.4) holds only for these matrix elements, not as an
operator equation. We will content ourselves with estimating the
order of magnitude of (8.4) in the two limiting cases, static and impact.

First, we notice that the product over C in (8.4), after integration
over r, behaves just as in Section 4 and gives the result

exp [——%kﬂ'z,/f/ﬁz(t + ]

where k is either k; or k,, as the case may be. Therefore, we can rewrite
(8.4) as

- 1 . w0 \ ’
Rl__%Mfd r!o U(r + vt|r) VEU(x|r — vt') x

x exp [¢A({ +¢')]dtdt’
=%J¢/fd3r! Of (VU(x 4 vi|r)}. (VU (x|r — v')} %

x exp [tAE +¢')]dtdt’ (8.5)

where A=A (1/2)tka® A 12, and the last equality has been obtained
by integration by parts. The sum over D has been replaced by a factor
of N, and it is understood that one must eventually average over v.

Now, in the static limit, we have (neglecting angles and polarization,
since we are only interested in order of magnitude)

U(r|r — vi) = exp [—i7¥ (x) ]
2 Iu12
VU ~ 3i¢%texp (—ir—st) (8.6)
where # is a unit vector in the direction of r. If (8.6) is inserted into
(8.5), one finds

R Vv aer - w”’4tt' (A w ¢+ ) dtdt
1~ g pe 3 exp? — 3 )
0 0

By performing the £, ¢ integrations, and making the change of
variables r = (u%/4)"3p, we obtain

% JVHZ/S
- 2mA™B

2 p
b= f P11 —1/p%)

th ~
(8.7)
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We can think of this as a correction to the width by writing

1 1 4
From (8.7) and (8.8), we find
BN 2B
Ay~ 5o /’1‘1,3 (8.9)

where the subscript ¢s indicates quantum correction on static limit.
It is seen that the correction is always small if one goes sufficiently far
out on the wings of the line.

To treat the impact case, we choose our z-axis in the direction of v,
and treat only the contribution of 3/dz in (8.5). The reader may verify
that the result for the other directionsis of the same order of magnitude
as what we will obtain for the d/dz contribution. From the way U is
defined, it is clear that

;Z-U(r—l—vt]r) =«g["//(r+vt) U-—-U¥(x)]

from which we obtain

{{fo (r + vt|r) }{az (r|r— t')}

=;}1—2{V r + vt) U(x + vir) r -+ vir) ¥ (1)} x
x {7 (x) Ue|r —vi') — U(r]r ~vt") ¥ (r —vt')}

zi—)léU(r—{-vt]r) ?2(r) U(r|r — vt') (8.10)

where the last approximate equality follows from the fact that, in
the impact limit with of large, the interaction ¥~ must be small at
at least two of the positions r, r + v¢, r — v#'. The part that is kept
is the only part of the whole expression which can ever be very large.
To estimate the order of magnitude of (8.10), we first move ¥"2 to
the left, neglecting the commutator, and obtain

UleZ(r) U(r + vt|r — vt') zalé“//z(r) Sz, y) (8.11)

where we have used the fact that U = % wherever ¥"%(r) is appreciable.
Putting (8.11) into (8.5) and doing the ¢, {’ integrations, we find

Ry~ vaz/_lz f A2 r?"3(x) Lz, y) (8.12)
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We now note that ¥ ~ u2/r3, and & = S (u?/vb?), and make the
change of variables r = (u/v'/2) p. This leads to the result

AN
Tty ~— 2m+/(v) A2 ¢
1 2 3
= f Z(M (8.13)
P
B% =p,* + P?/z
As a correction to the width, as in (8.9), this becomes
A
Aqi ~ m (8.14)

This correction is seen to be independent of A, but to depend on ».
Since it is seen to be real, it would just give a shift of the line propor-
tional to A" if v were constant. Since v must be averaged over, this
term will lead to an effective broadening of the line.

9. Comparison with Experiment

During the 1940’s, several experimental studies were carried out
on pressure broadening of the alkali metal doublets (Chen, 1940;
Watanabe, 1941 ; Gregory, 1942). In all these studies, only the wings
of the line were observed, and the width deduced with the aid of the
assumption that the line was Lorentzian. Since only the wings are
involved, the static two-body approximation should apply. In
agreement with theory, the width is observed to vary linearly with the
density. In order to compare the coefficient with experiment, the
constant &, was evaluated for the two components of the doublet in
Reck et al. (1965). The result is

k(32) = VT

= 2-05

k(1/2) = 8/3 = 267

The broadening is proportional to the oscillator strength times £,
and is therefore expected to be greater for the 3/2 component. These
theoretical values are compared with experiment in Table 3. It is
essentially the same as those given by Reck et al. (1965, Table 1),
except that the results are expressed in terms of %, a minor error has
been corrected, and the oscillator strength for sodium has been
corrected to agree with the experimental results of Kibble ef al. (1967).
For rubidium and cesium, it has been assumed that the total oscillator
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strength of the doublet is unity. This is supported by some of the
experimental data (Kuhn, 1962), but not all (Stone, 1962), so it must
be concluded that these oscillator strengths are not known very
accurately. Since the experimental value of £ varies inversely as the
square of the assumed oscillator strength, it follows that there is
some uncertainty in comparing all quantities except the ratio of the
two k-values. It is seen that the agreement is satisfactory, in view of
these uncertainties.

The reflection experiments of Lauriston & Welsh (1951) have also
been discussed (Reck ef al., 1965). These were performed on alkali
metal vapors at temperatures in the vicinity of 1000°K, and pressures

TABLE 3. Comparison of theory with experiment for broadening in wings of
alkali metal doublets

Quantity  k(3/2) k(1/2) k(3/2)/k(1]2) Reference
Theory: 2-05 2-67 0-768 Present work and
Reck et al. (1965)
Experiment:
Na 23403 41405 058£ 005 Watanabe (1941)
Rb 22+06 27+£09 083+007 Chen (1940)
Cs 24+03 27+£04 09 £02 Gregory (1942)

n some cases approaching one atmosphere. Neither limiting approxi-
mation is really applicable here, since A4 "2 and v/4/o turn out to be
of the same order of magnitude. Since (7.6) is not satisfied, many-body
effects are expected to be important, and in fact it is observed that
the width varies as the square root of the density rather than linearly.
The theory developed by Reck ef al. (1965), in which a restricted class
of the many-body interactions is summed in the static approximation,
gives qualitatively correct results: the square root dependence is
explained, and the right order of magnitude is obtained for the
coefficient. These results, therefore, are at least qualitatively explained
by the present theory.

Studies of the emission spectrum of Helium have been carried out
by Kuhn & Vaughan (1964), and by Vaughan (1966). They measured
the shape of the emission line 318 — 2P (7281 A). The shape was
fitted to a Voigt profile (which it fits very well), and, the 338 level
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being very narrow, the Lorentzian width was interpreted as entirely
due to the broadening of the 2P level, i.e., of the line 2P — 118
(584 A). The experiments were done at temperatures ranging from
11°K (Kuhn & Vaughan, 1964} to 280°K (Vaughan, 1966). The
highest densities were of the order of 10'® atoms per cubic centimetre.
The oscillator strength for this transition has been accurately cal-
culated by Schiff & Pekeris (1964), and has the value 0-276, from
which one calculates

u?=1-08 x 10~° cm®sec?

Equation (4.4.11) is very well satisfied under the conditions of these
experiments, so one expects the two-body impact approximation to
be valid. The quantum corrections, however, are not negligible.
Using equation (8.14), one finds
i )3

Nt ™ pmr/v
where v has been taken as the root-mean-square velocity at 11°K.
The quantum effects, therefore, should further broaden the line (by
several percent of the impact-theory broadening), and cause it to
deviate somewhat from a true Voigt profile. The additional broaden-
ing is still proportional to the density. If one fits the result to Voigt
profiles, therefore, one would expect the Lorentzian width to vary
linearly with the density, but with an observed k-value of the order
of several percent larger than the impact result k;=4/3. Experi-
mentally, Kuhn & Vaughan (1964) found & = 1-61 4+ 0-11. The result
of Vaughan (1966), believed to be more accurate, is k = 1-44 4 0-09.
It is seen that there is reasonable agreement, in that the quantum
effects are of the right order of magnitude to account for the dis-
crepancy between the experimental k and the result of impact theory.
The fact that Vaughan’s experimental % agrees with that calculated
by Watanabe (1965a, b) and Omont (1966) is evidently fortuitous. I't is
also possible, though it seems doubtful, that quantum effects provide
part of the explanation for the observed anomalous extrapolated
width at zero density observed in these experiments. To test the
theory more accurately, one would have to try to fit the data to a
curve satisfying (8.8) and (8.14) folded into a Gaussian, rather than
a strict Voigt profile. A further problem in interpreting these experi-
ments is that there is reason to believe (Lyon, private communication)
that there are terms contributing to emission line shapes which are
not present in absorption. This will be the subject of a future com-
munication.

=0-05
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Finally, one must mention the anomalously large widths (10® times
theoretical) observed by several workers (Tomiser, 1953, 1954 ; Moser
& Schultz, 1959; Ya’akobi, 1966) in the broadening of alkali metal
lines. There exists no theoretical explanation at the present time for
these results, and they appear to be contradicted also by other experi-
ments (Lauriston & Welsh, 1951; Chen, 1940; Watanabe, 1941;
Gregory, 1942). It may be, therefore, that these results are in error,
but it seems clear that more experimental work needs to be done.

10. Discussion

The theory developed here has the advantage of embracing all the
commonly used approximations as special cases, and permitting a
systematic study of validity criteria and corrections to them. The
comparison with experiment is facilitated by obtaining closed form
solutions for the limiting cases, and is, on the whole, satisfactory.
Since the properties of the resolvent operator are important in many
problems other than line shapes, it is hoped that some of the techniques
developed here may have a wider applicability. A worthwhile direc-
tion for further work is the more quantitative study of the corrections
to the approximations, particularly in the intermediate region between
the impact and static limits.

It is worth pointing out that the differential equation and expansion
used for the resolvent in this article is closely related to the similar
treatment of the statistical operator exp (—3#/kT'), which is standard
in quantum statistical mechanics (Landau & Lifshitz, 1958). This is
clear because the statistical operator is related to the resolvent by a
Laplace transform. The relation of the resolvent to this and other
operators encourages one to hope that some of the methods used here
may be applicable to a wider class of problems.
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